Axial Diffusion of Liquids in
Packed Beds and End Effects

A. W. LILES and C. J. GEANKOPLIS

Experimental data were obtained on the effect of bed length of packed spheres on axial
diffusion coefficients with the frequency response technique used. Lengths of packed section of
6 to 174 cm. were used. The end effects were eliminated by using a novel experimental technique
for analyses of the inlet and outlet streams. No effects of length on D. were found.

When the end effects were artificially introduced by using void analytical sections at the two
ends, then large effects of length on D. were found. These void sections were the cause of length
effects found by other experimenters. The D, drops as the length of bed is increased. Above
about 65 cm. length the D. remains constant with increase in length. The over-all results are in

general agreement with the data of others.

An understanding of the behavior of
fluids in empty tubes and packed beds
is very important in the study of heat,
mass, and momentum transfer. Much
experimental data exist on radial mass
transfer or diffusion coefficients per-
pendicular to the axial flow of the
liquid or gas. Recently Ebach and
White (3), Carberry and Bretton (1),
and Strang and Geankoplis (7) pre-
sented experimental correlations for
packed beds of spheres for the effect
of liquid velocity, particle diameter,
and viscosity on the axial diffusion co-
efficient.

However no comprehensive experi-
mental study has been made of the
elimination of end effects and the ef-
fect of column length on D, for liquids.
McHenry and Wilhelm (5) obtained
data on gases for different lengths and
eliminated end effects by calculation.
Carberry and Bretton (I) presented
experimental points obtained at five
different bed lengths and different vel-
ocities using liquids.

To investigate the axial diffusion of
a flowing system experimentally the
outlet response resulting from an inlet
disturbance is measured. This disturb-
ance can be a step or pulse function or
a continuous sine-wave function. The
sine wave is used in the frequency re-
sponse experiments. Ebach and White
(3) discuss these methods in detail.

In the present work D, values were
obtained for glass spheres in packed
beds with water used. End effects were
experimentally eliminated which re-
moved the column length effect on
D,. The effect of length was also deter-
mined by introducing end effects arti-
ficially and varying the length.

THEORY

All equations discussed below are
derived for a packed bed of nonporous
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solids, continuous flow, and a sine-wave
input. The basic theory for the fre-
quence response method has been de-
rived by Rosen and Winsche (6) and
modified by others (1, 2, 3, 5, 7). All
derivations start with the following
partial differential equation:
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It is assumed that C is a function of
Z and t only, that there are no radial
gradients, and that U is constant. Car-
berry and Bretton (1) discuss in detail
the assumptions implied in this model.
Their data and that of others (3) sug-
gest that Equation (1) does not apply
owing to the fact the amplitude does
not dampen as the square root of time
or bed length. However in the present
work it will be shown that it does ap-
ply under the carefully designed con-
ditions of experimentation.

Two boundary conditions are im-
posed at the inlet and the outlet of the
bed respectively:

(1)

Cw,t» = Cy + A, sin ot (2)

Cwy=CyorAg =0forZ-> o
(8)

When one uses the above three
equations, the final integrated equation
can be obtained by the Laplace trans-
form and details of the derivations are
given elsewhere (4). The periodic
steady state solution is

Ca, v =Cu+ Ane®sin (of — ¢)
(4

where B is
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When one expands the radicals and
trigonometric functions in series and
drops the higher-order terms, Equa-
tions (5) and (6) both yield the same

equation:

LoD, 5L&DS
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If the last term is negligible
wz L
B = 8
o (8)

The equation for the phase shift re-
ferred to the bed entrance is

¢, =L 1 (2D,,m)2 1
Cale. _2DL —Z + —F- - '5‘
(9)

After one expands and drops higher-
order terms, the equation reduces to

oL
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(10)

This can be compared to the phase
shift measured experimentally. Deisler
and Wilhelm (2) discuss in detail the
addition of n» radians to the Eus,..
Equation (9) could be used to com-
pare D, obtained from phase shift to
that determined by amplitude change
in Equation (7) at short column
lengths.

If a column has three different sec-
tions of packing in series where the
first section (0,1) and the third sec-
tion (2,8) have identical packing and
the middle section packing (1,2) is

D
tan™ (4m L) f
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Fig. 1. Process flow diagram.

different, then an equation can be de-
rived as follows:

A, A, 4,

== - 2s=1n"—‘,B1.2=1n—"‘
B =In 7 B A, A,
(11)

Now if Lo, 1 = Ly s and U,y = U,
then Dr,, , = Du, , since the conditions
in both sections are identical. By Equa-
tion (7) B, 1 = B, 5. The quantity B, ,
is measured experimentally, and

A, A, A

1 A,
Bo,s= 1112‘3— lnx'l' ln—A-z-—i-ln-A—a

(12)
Rearranging one gets

4,
ln'X = B1,2 = Bo,s"" [Bo,1 -+ Bz.a]

(13)

Equation (13) can be shown to be
identical with the result of McHenry
and Wilhelm (5) which was derived

in a different way.

- . -

EXPERIMENTAL METHODS

Apparatus

The apparatus (Figure 1) is a modifi-
cation ot that used by Strang and Gean-
koplis (7). The items are (A) 2-naphthol
solution storage bottle, (B) water storage
bottle, (C) pump suction lines, (D) four,
single-action positive-displacement pumps,
(E) discharge and mixing manifold, (L)
and (M) ball check valves, (F) packed
inlet section to remove higher harmonics,
(G) upper analytical section, (H) packed
test section, (I) lower analytical section,
(J) packed outlet section, (K) outlet ro-
tameter.

A variable-drive cam-operated appa-
ratus actuates the four pumps, and one
revolution results in two sine-wave periods.
For some high-velocity runs or to vary the
frequency and keep the bed velocity con-
stant water was added by means of a gear
pump at the inlet to (F) or solution was
withdrawn at this point (Figure 1).

Analytical

Figure 2 shows the novel analytical
section made of aluminum and held in
the external flange (B). The flat silica
windows (D) were held against the
analytical section housing by a brass
plate (C) and a gasket (F). The ana-
Iytical grating (E) was composed of
three % in. sq. brass rods. The two %
in. open slits were formed to allow
solution and light to pass through. The
void area open to liquid flow was ap-
proximately that of the packed section
of 6-mm. glass beads which were
stacked around and could not enter
the slits (Figure 2). No screens were
used in this section. This analytical
section simulates a packed bed. The
concentration of the tracer 2-naphthol
in the solution affects the amount of
light passing through the slits and go-
ing to the phototubes. Details are
given elsewhere (4).

A strip-chart recorder was used to
record the output of the phototubes
(4). The recorder was calibrated twice
each day at the beginning and end of
a series of runs by passing known
solutions through the tower. The maxi-
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Fig. 2. Details of analytical section.

mum concentration of 2-naphthol was
10 ppm. During a run inlet concen-
tration waves were first recorded and
then outlet waves (Figure 3). The
curves are very close to a true sine
wave.

Distilled water and Coleman and
Bell CP 2-naphthol were used. The
diameter of the spherical glass beads
used and the average void volumes
were 6.13 mm. (0.40), 3.21 mm.
(0.39), and 0.47 mm. (0.36).

EXPERIMENTAL DATA AND
CALCULATIONS

Typical experimental data are given
in Table 1, detailed data are given
elsewhere (4). The data were obtained
at an average temperature of 77°F.
Column length, velocity, frequency,
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Fig. 4. Effect of frequency on D. (data corrected to U =

Fig. 3. Instrument trace of inlet and outlet waves.
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TaBLE 1. TypicaL EXPERIMENTAL Runs

Dy,
Run U,em./ sq.cm./
no, L, cm. sec. sec. Nz, N'pe Ne, ECale. EExp.
6.13-mn. Glass beads
133 5.85 1.44 1.33 105 41.5 0.67 0.67 0.66
81 21.2 0.61 0.64 36.9 15.1 0.59 2.52 2.58
18 36.4 0.87 0.91 65.0 25.6 0.59 421 4.21
123 67.3 3.67 3.14 266 105 0.72 6.10 6.25
94 98 2.71 2.35 207 81.8 0.71 114 11.3
49 128 2.60 2.14 187 75.6 0.74 15.7 15.7
67 174 2.82 2.44 187 76.5 0.71 21.4 20.9
3.21-mm. glass beads
169 67.3 1.44 0.65 49.6 19.3 071 7.60 7.66
173 67.3 3.21 1.45 111 43.3 0.71 7.50 7.41
0.47-mm. glass beads
178 61.2 1.29 0.164 6.54 2.37 0.370 7.12 7.05
183 61.2 2.60 0.344 13.0 4.70 0.355 6.99 7.03
6.13-mm. glass beads (open or void analytical section)
140 18.4 1.38 3.17 105 43.0 0.267 2.74 2.81
153 64.5 1.44 1.56 109 43.0 0.57 8.15 8.06
148 171 1.60 1.50 125 48.8 0.65 20.7 20.7

and diameter of packing were varied.
Also in twenty-nine of the runs a com-
pletely open or void analytical section
was used instead of the slits to find out
if the void sections caused end effects.

In Figure 3 the distance between
two timing pips combined with the
chart speed represents 2r. The quantity
§ was determined by measuring the
distance between the intersection of
the 50% concentration point of inlet
and outlet waves. With knowledge
of the chart speed 6 and the frequency,
&rx,. was obtained. In some cases nar
radians were added to obtain the cor-
rect éusp. (2). The column length L
used was the packed 'distance between
analytical slits.

The £c.1.. was obtained by means of
the simplified Equation (10) or the
exact Equation (9) when the error
with the simplified equation exceeded
3%. In the runs with open analytical

sections the £c.:.. was equal to the sum
of the phase angle calculated for the
packed bed plus that of the open sec-
tions.

To calculate D, Equation (7) was
generally used. When the calculation
error exceeded 3%, the exact Equa-
tions (5) or (6) were utilized. In runs
with the 0.47-mm. packing, this pack-
ing was used in the test section and
6.13-mm. packing used in the section
above the inlet slits and below the out-
let slits. This was necessary, since the
slits would otherwise become filled
with packing. Equation (13) was used
to calculate B, . and then Equations
(5), (6), or (7) for D,.

DISCUSSION

Frequency, Phase Angle, and
Length Effects

To find the effect of frequency, data
at a constant velocity of 1.20 cm./sec.

18 3
12 ]
L /%
= /°
$EXP. | /
| °/
4 /
-
00 L1 1 5 (1 t 11 5 [ T

8
ECALC,

Fig. 5. Comparison of phase angles (L = 67.3
cm., dp = 6,13 mm.).

were obtained. As expected, Figure 4
shows no effect of frequency on D,
with an average deviation from the
line of +2.89. This is within the ac-
curacy of the experimental data,

McHenry and Wilhelm (5) state
that the calculated and experimental
phase angles should check each other.
Equation (10) shows that for long bed
lengths the calculated phase angle is
merely the calculated mean residence
time multiplied by the measured fre-
quency. In Figure 5 the measured and
calculated phase angles check within
an average deviation of =1.6% for L
= 67.3 cm. which shows merely that
the mean residence time and frequency
were accurately measured. Similar re-
sults were obtained for other long
lengths and also when analytical slits
were used. However for short lengths
Equation (10) gave results which were
off by up to 15% when compared with
the experimental results. Use of Equa-
tion (9) reduced the errors to less
than 3% which gives a partial check
on D, obtained by amplitude change
and phase shift.

In Figure 6 D, is plotted vs. U for
packed lengths varying from 5.85 to
174 cm. The average deviation from
the line is less than £39% for 6.13-mm.
packing. This shows conclusively that
there is no effect of length for the
large 6.13-mm. packing and that end
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Fig. 7. Effect of void analytical sections on D5 (6.13-mm.

Fig. 6. Effect of velocity on Dy.
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Fig. 8. D. as an inverse function of L (for void
analytical sections).

effects have been eliminated experi-
mentally by using the novel analytical
slits with the same void fraction as the
packing. This also shows that the data
obey Equation (1). This amplitude-
length behavior indicates the absence
of appreciable capacitance effects.
Since only one bed length was investi-
gated for the smaller particle sizes, it
was not possible to prove or disprove
the effect of length or the presence of
capacitance effects for smaller parti-
cles as found by others (I). Strang
and Geankoplis (7) found a similar
trend of D, vs. velocity for one column
length. McHenry and Wilhelm (5)
using gases eliminated end effects by
an indirect method using experimental
correction factors.

Effect of Velocity

Data with no end effects and all
column lengths were plotted for the
three sizes of spheres on a log-log scale
with all lines having the same slopes.
The data can be represented as fol-
lows for the 6.13, 3.21, and 0.47-mm.
spheres respectively:

D, = 0.958U°* (14)
D, = 0.498U°* (15)
D, = 0.148U°* (16)

When one combines Equations (14),
(15), and (186)

= 1.95 (d,)°"U°®  (17)

This effect of diameter is inconclusive,
since only three different sizes were
used. Ebach and White (3) found
that for 6.76- and 3.48-mm. beads the
exponent of U was 1.08 in low-velocity
regions less than 2 cm./sec. and de-
creased markedly at higher velocities.
For very small spheres they found an
exponent of 1.08 up to high velocities.
Bed lengths used were 61 cm. and
longer. It appears that the exponent
may vary somewhat over a wide veloc-
ity range.

A similar plot with the data with the
end effects (open or void analytical
sections) shows that data for the 171-
and 64.5-cm. lengths yield a slope of
0.93 also. The data for the 18.4-cm.
length show a slope of 0.76.
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Fig. 9. Comparison of data with that of other investigators for
beds greater than 59 cm. long, Peclet number as function of
Reynolds number for spheres.

Effect of Void Anclytical Sections

The data obtained by the use of
void analytical sections of 2.78 cm. in
length had packed sections of different
lengths. The void or open sections were
similar to those used by Strang and
Geankoplis (7), McHenry and Wil-
helm (5), Ebach and White (3), and
Carberry and Bretton (I). Their
lengths of open section varied from
about 1% to 114 in., The data of this
work are plotted in Figure 7 and the
shortest packed length gives the great-
est D, values. The present work has
now shown experimentally that the bed
entrance and exit effects caused by the
void sections were the primary reasons
for previously observed amplitude-bed
length anomalies of other investigators
(1, 3, 7). These were correctly ex-
plained theoretically by McHenry and
Wilhelm (5).

At the long packed lengths the D,
values are the same as the data for the
nonvoid sections. This is to be ex-
pected, since the end effects would be
negligible at the infinite bed lengths.
Similar phenomena were reported for
liquid-liquid extraction towers (8).

In several runs the width of the ana-
lytical opening for analysis in the void
section was varied from 3/16 to 1/2
in. with no differences noted.

The data for different packed column
lengths having void analytical sections
are also plotted in Figure 8. The data
of this work were obtained from cross
plots of Figure 7 and the points for in-
finite column length, that is no end ef-
fects, from Figure 6. The data of Car-
berry and Bretton (1) show the same
trends as this work. For lengths over
171 cm. the end effects are negligible.
The data of Strang and Geankoplis (7)
for two column lengths show similar
trends.

Correlation of Peclet Numbers

When one uses the data of this work
with no end effects, the Peclet numbers
for the 0.47-mm. spheres in Figure 9
are significantly lower than the values
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for the larger diameters. The line for
the 3.21-mm. spheres is about 8%
higher than that for the 6.13-mm.
spheres. Ebach and White (3) state
that at a given Reynolds number the
same Peclet number is obtained for all
diameters, but their data scatter quite
widely. It appears that much work
needs to be done on the effects of part-
icle diameter.

Using only data for spheres with
packed lengths over 57 cm. to elimi-
nate most end effects a comparison can
also be made with data available in
the literature (Figure 9). Average
lines were drawn through the data of
each investigator. The maximum spread
of the 8- and 5-mm. sphere data of
Carberry and Bretton (I) from one
average line through their data is
+209,, +509 for Ebach and White
(8), 509 for Strang and Geankoplis
(7), and =129, for this work. Because
of this large spread of the data there is
general agreement of all investigators.
More data are needed especially at
high Reynolds numbers over 400 to
determine if the Peclet number con-
tinues to rise as the Reynolds number
is increased, which is indicated in Fig-
ure 9. The data of Carberry and Bret-
ton (1) and this work indicate an in-
crease in Peclet number with increasing
sphere diameter. However the work of
Ebach and White (3) show no trend
with diameter. The 5-mm. sphere line
of Carberry and Bretton (1) starting
at a Reynold’s number of 34 is almost
identical with the 6.1-mm. sphere line
of this work.
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NOTATION

Ao = amplitude of wave at Z = 0,
g./ml

Az = amplitude of wave at Z = Z,
g./ml.
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B = In (A/AL)

C = concentration as a function
of position Z and time ¢, g./
ml.

Cu, » = concentration at Z = L and
t =t g./ml

Cy = mean concentration, g./ml.

Ce, » = concentration at Z = 0, and
t =t g/ml

Cw. 1 = concentration at Z = « and
t =t, g./ml

D. = axial diffusion coefficient, sq.
cm./sec.

d, = diameter of particle, cm.

L = packed bed length, cm.

n = number 1, 2, 3, . ..

Nz, = Peclet number = d,U/D,

N:. = Reynolds number = d,Up/p

N’z = Reynolds number = d,U’p/p

t = time, sec.

U = interstitial velocity in bed,
cm./sec.

04 = velocity based on empty
tube, cm./sec.

Z = longitudinal distance in bed,
cm.

Greek Letters
4

I

distance between intersection
of 50% points, cm.

wave period, sec.

phase angle, radians
viscosity, poise

density, g./ml.

angular frequency, radians/
sec.
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The Role of Porosity in Filtration:
V. Constant Pressure Filtration

Certain assumptions which have previously served as a basis for the conventional equations
employed in constant pressure filtration are shown to be in error. It is demonstrated that the
specific filtration resistance, the ratio of the mass of wet to mass of dry cake, and the rate of
flow, ¢ = dv/dg, are not constant as has been assumed. In an example it is shown that ¢
undergoes an eightfold variation as the liquid flows from the cake surface through to the medium.

Since the product «q appears in the basic differential equation, incorrect values of q lead to
errors in the calculated values of a arising from experimental data. The errors are significant

when thick slurries are employed.

New partial differential equations are presented for flow through compressible media in
which g varies with cake thickness. Modifications of the conventional constant pressure equa-

tions are presented.

In the conventional analysis of con-
stant pressure cake filtration (I, 3, 4),
three approximations are made which
may be invalid under certain circum-
stances. In the Ruth filtration equation

g-p

asp

]
1—ms +

(1)

It is generally assumed for constant
pressure operation that the filtration re-
sistance is constant, the ratio of the
mass of wet to mass of dry cake is con-
stant, and at any instant the rate of
flow dv/dé is constant throughout the
cake. Analysis of basic phenomena in-
dicates that these assumptions must be

H. R. Cooper is with The Fluor Corporation,
Ltd., Los Angeles, California.
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modified and that discrimination must
be employed for correct use of Equa-
tion (1). The first two postulates are
primarily in error in the initial period
of filtration. Consequently it is in rotary
filtration and in abbreviated experi-
mental determinations of cake charac-
teristics where the time of filtration is
frequently short that the employment
of constant values of « and m may lead
to erroneous results. The assumption

involving the constancy of dv/d# may

be strikingly in error for thick slurries.

PRESSURE AT MEDIUM

In Figure 1 a filter cake is illustrated
in which flow of fluid takes place from
left to right, and distance is measured
from the surface of the cake. As the
liquid flows frictionally through the

compressible, porous media, p. drops
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until it reaches the value p, at the in-
terface of the cake and supporting
medium.

The pressure at the medium is de-
fined by

R i
e P1 M wm gy [ EATY a0
where q. = dv/df is the rate of filtrate
flow in (cubic feet)/(square feet)
(second). The relationship of time to
pressure p, at the medium and the
pressure drop across the cake (p —p.)
is illustrated in Figure 2 for talc filtered
at a constant pressure of 5 lb./sq. in.
Initially when there is no cake, the
entire pressure drop is across the
medium and p = p.. As do/df de-
creases with time, p, falls in accord
with Equation (2) and the pressure
drop (p — p.) across the cake builds
up.

(2)

In general a medium should be
chosen to give a minimum resistance
consistent with the production of satis-
factory clarity, Grace (2) has indi-
cated that a filter medium exhibiting
a resistance equivalent to no more than
0.01 in. of cake can usually be selected
with the result that the pressure drop
across the medium becomes a negligi-
ble portion of the total pressure drop
for a major portion of the filter cycle.
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